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The concept of force is known to have only limited significance in quantum mechanics. 
This has been demonstrated in the Aharonov-Bohm effect, in which the particles can 
be viewed to move classically along trajectories unperturbed by any force, while the 
changes in the phase of the wave function lead to observable effects. Another thought 
experiment of this kind, involving neutral particles with magnetic moment, will be 
described below. Our motivation to analyse this example is twofold. First, experi- 
ments in which the otherwise free motion of the particles is perturbed through the 
quantum-mechanical  phase alone provide the most striking demonstration of the fun- 
damental  difference between classical and quantum mechanics. Second, the experiment 
to be described is connected with the problem of the correct expression for the force 
acting on magnetic dipoles in classical electrodynamics. 

Let us consider the classical nonrelativistic motion of a neutral magnetic dipole 
(e.g. neutron) through a long but  finite plane condenser. We are to show that  the centre 
line of the condenser is a permitted trajectory with constant velocity and magnetic 
moment throughout it, provided the magnetic moment is perpendicular to both the 
trajectory and the field. 

Suppose that  this is true. Let us choose the co-ordinate system with the axes x, y, z 
directed parallel to the field, the magnetic moment and the velocity, respectively. The 
magnetic field in the rest frame of the particle points in the same direction as the mag- 
netic moment and cannot lead to any torque. To compute the force we use the 
formula (1) 

(1) F = grad (~H) - - c  c~ [~ • E],  

which is valid in the rest frame. Using the Maxwell equations F can be brought into 
the form 

(2) F =  ( ~ - g r a d ) H + - -  E •  . 
e 

(*) W .  S•OCKLEY a n d  I t .  P .  JAMES: Phys. Rev. Lett., 20, 867 (1967); M. H u s z / m  a n d  M. ZIEGLER-NJLRAY: 
Acta Phys. Hung., 25, 99 (1968); 26, 223 ( t969) ;  P .  t tRASK6: NuOVO Cimento, 3 B, 213 (1971). 
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Öntapadó jegyzet
The existence of the phase (4) has been verified experimentally:

S.A.Werner and A.G.Klein
J. Phys. A: Math. Theor. 43 (2010) 354006 (33pp)



QUANTUM-MECHANICAL EFFECT W I T H O U T  FORC~ FOR S P I N N I N G  PARTICLES 833 

Since there is no torque and by  assumption the velocity is constant ,  bt is independent  
of t ime in the rest frame and the second term of (2) can be omitted.  The magnetic field 
in the rest frame is proport ional  to E x =  4-IEI and points in the direction of the 
y-axis. Therefore, only Fv can be different fronI zero. I t  is, however, proport ional  
to ~E~/~y which is zero by  symmetry.  Consequently, the part icles move indeed 
freely along the centre line. I t  has to be emphasized, tha t  the  above argumentat ion 
holds for any point  on the t ra jec tory  including those in the region of inhomogenei ty of 
the field. 

In  quantum mechanics the si tuat ion is s imi la r - -except  for a phase. If  the free 
motion in the absence of the field is described by  the wave function ~o, then in the 
presence of the field the wave function is modified to 

= exp [iO] ~o �9 

This formula follows from the quasi-classical solution of the Dirac equation (2). 
The expression for 0 is 

(3) 

w h e r e  

o = oo-2~o  x~ + x~ (x=, x~, 0). 
Te 

T j)j 

~ m y v  , 

( g  ) [  E x ~  ~ x ( H x ~ ) ] ]  
+ - :  H +  

c 2 ] 

When the part icle has no charge only the term proport ional  to g / 2 - - 1  has to 
be retained. The charge e can be replaced by  the magnetic moment according to the 
formula # ~ -  (eh/2mc)(g/2--1) ,  and one has to put  Z~=  0, 2:~----X. 

I t  is easy to factor out the dependence of VJ on the inside region of the condenser. 
Inside the condenser the integrat ion along the classical t ra jec tory  reduces to multi- 
plication by  (yv) -x .z. Then the formula (3) shows tha t  the  wave function can be writ-  
ten in the form 

where l is the length of the condenser. 
In  principle, the phase factor in (4) can be observed in the experiment  shown in 

Fig.1. The phase differs in sign for t rajectories  in the upper and lower par ts  of the con- 
denser. Therefore, the interference pa t te rn  on the sheet depends on the length (and 
on the charge Q) of the condenser, though the particles are not  influenced by  any force 
during their  motion. 

The complete phase of the quasi-classical wave function given in (~) is of the form 
(1)h)(S--h0),  where S is the action along the classical t rajectories  determined with the 

(2) S.I .  RUBINOW and J. B. I~ELLER~ Phys. Rev., 131, 2789 (1963), especially formulae (66) and (68). 
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magnetic moment ignored. As pointed out in (2) the lack of dependence of S on the 
spin is the property of the ansatz rather than that  of the expected solution. I t  is there- 
fore natural  to regard the term - -~0  as a correction to S for spin dependence, i.e. to 

[* I 
I ! § e + § 2 4 7  ~*  + 4 4 - b ~ 4 + 4  

I ,  I 
Fig. 1. - Double condenser.  

identify the integrand of - -~0  with the interaction Lagrangian between the field and 
the magnetic moment  (3). Then, by usual methods one finds that  the force acting on the 
dipole is given by (1). This is an indication of the self-consistency of the argumentation. 

The author is indebted to Drs. M. Husz~R and J. ZIMANYI for st imulating discussions. 

(3) The  Lag rang ian  thus  obta ined has been discussed in ano the r  contex t  by  IVI. HUSZhR: Acta Phys. 
Hung., 23, 225 (1967). 




